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Abstract 

Given a smooth projective 3-fold Y, with H^''^{Y) = 0, the Abel-Jacobi map induces 
a morphism from, each smooth variety parameterizing 1-cycles in Y to the intermediate 
Jacobian J{Y). Wc study in this paper the existence of families of 1-cycles in Y for which 
OO ' this induced morphism is surjcctive with rationally connected general fiber, and various 

applications of this property. When Y itself is rationally connected, we relate this property 
to the existence of an integral homological decomposition of the diagonal. We also study 
this property for cubic thrcefolds, completing the work of Ilicv-Markoushcvich. Wc then 
conclude that the Hodge conjecture holds for degree 4 integral Hodge classes on fibrations 
r^ . into cubic threefolds over curves, with restriction on singular fibers. 

Introduction 

The following result is proved by Bloch and Srinivas [2] as a consequence of their decomposition 
of the diagonal: 



> 

'nT ■ Theorem 0.1. Let Y be a smooth projective 3-fold with CHq{Y) supported on a curve. Then, 

via the Abel-Jacobi map AJy, the group of 1-cycles homologous to on Y modulo rational 
. —^ , equivalence is up to torsion isomorphic to the intermediate Jacobian J{Y) of Y , 

O . J(V\ — U^fV (r\ l( Z?2 ij^(v\ ^ it3 



J{Y) := H\Y, C)/{F^H\Y) © H\Y, Z)). 



This follows from the diagonal decomposition principle [2] (see also |21l II, 10.2.1]). In- 
deed, this principle says that if y is a smooth variety such that CHq{Y) is supported on some 
^ ■ subvariety W CY, there is an equality in CH'^{Y x Y), d = dimY: 

H ■ 

.c^ ; iVAy = ri + r2, (0.1) 

where A^ is a nonzero integer and Zi, Zi are codimension d cycles with 

|Zi I c D X y, D 5 y, IZ2I c y X 14^. 

Assuming dimVF < 1, the integer N appearing in this decomposition is easily checked to anni- 
hilate the kernel and cokernel of AJy . 

Note that the integer A^ appearing above cannot be in general set to be 1, and one purpose 
of this paper is to investigate the significance of this invariant, at least if we work on the level 
of cycles modulo homological equivalence. We will say that Y admits an integral homological 
decomposition of the diagonal as in (10. ip if there is an equality as in (10. ip (with the same 
conditions on Supp.Z^i and SuppZ2), with A = 1, and in CH'^{Y x y)/hom. 

Going further and using the theory of Bloch-Ogus [T] together with Merkurjev-Suslin theo- 
rem, Bloch and Srinivas also prove the following: 



Theorem 0.2. If Y is a smooth projective complex variety such that CHq(Y) is supported on 
a surface, the Griffiths group Griff (Y) = CH^{Y)fiojji/alg is identically 0. 

The last result cannot be obtained as a consequence of the diagonal decomposition, which 
only shows that under the same assumption Griff (Y) is annihilated by the integer N introduced 
above. 

We finally have the following improvement of Theorem 10.11 : 

Theorem 0.3. (cf. \17^ ) If Y is a smooth projective 3-fold such that CHq{Y) is supported on 
a curve, then the Abel-Jacobi map induces an isomorphism: 

AJy : CHi{Y)hom = CHi{Y)aig ^ J{Y). 

This follows indeed from the fact that this map is surjective with kernel of torsion by Theorem 
10.11 and that it can be shown by delicate arguments involving the Merkurjev-Suslin theorem, 
Gersten-Quillen resolution in /^-theory, and Bloch-Ogus theory [1], that this map induces an 
isomorphism on torsion. 

The group on the left does not have a priori the structure of an algebraic variety, unlike the 
group on the right. However it makes sense to say that AJy is algebraic, meaning that for any 
smooth algebraic variety B, and any codimension 2-cycle Z C i? x y, with Z;, € C H"^ (Y) f^oj^^ 
for any b (z B, the induced map 

(l)z.B^J{Y),b^AJY{Zf,), 

is a morphism of algebraic varieties. 

Theorem 10.31 may give the feeling that for such threefolds, the study of 1-cycles parallels 
that of 0-cycles on curves. Still the structure of the Abel-Jacobi map on families of 1-cycles 
on such threefolds is mysterious, in contrast to what happens in the curve case, where Abel's 
theorem shows that the Abel-Jacobi map on the family of effective 0-cycles of large degree has 
fibers isomorphic to projective spaces. Another goal of this paper is to underline substantial 
differences between 1-cycles on threefolds with small CHq on one side and 0-cycles on curves on 
the other side. 

There are for example two natural questions left open by the above results : 

Question 0.4. Let Y be a smooth projective threefold, such that AJy ■ CIIi{Y)aig — > JiY) is 
surjective. Is there a family of codimension 2-cycles homologous to on Y , parameterized by 
J{Y), say Z C J{Y) x Y , such that the induced morphism (j)z ■ JO^) ~^ ^0^) ^^ ^^^ identity? 

Note that the surjectivity assumption is conjecturally implied by the vanishing II^{Y, Oy) = 
0, via the generalized Hodge conjecture (cf. [8]). 

There are two other related questions that we wish to partially investigate in this paper: 

Question 0.5. Is the following property (*) satisfied by Y ? 

(*) There exists a family of codimension 2-cycles homologous to on Y , parameterized by a 
smooth projective variety B, say Z C B x Y, with Zt, E CIl'^{Y)hom for any b G B, such that 
the induced morphism cpz '■ B ^ J{Y) is surjective with rationally connected general fiber. 

This question has been solved by Iliev-Markoushevich (jl2j. see also jlOj for similar results 
obtained independently) in the case where K is a smooth cubic threefold in P^. Obviously a 
positive answer to Question 10.41 implies a positive answer to Question 10.51 as we can then just 
take B = J{X). However, it seems that Question 10.51 is more natural, especially if we go to 



the following stronger version : Here we choose an integral cohomology class a G H'^ {Y, Z) . 
Assuming CHq{Y) is supported on a curve, one has H^{Y, Oy) = by Mumford's theorem [16] 
(see also [211 11,10.2.2]) and thus a is a Hodge class. Introduce the torsor J{Y)a defined as 
follows: the Deligne cohomology group Hj^(Y,7j{2)) is an extension 

-^ J{Y) -^ Hf){Y,Z{2)) 4 Hdg^{Y,Z) -^ 0, 

where o is the natural map from Deligne to Betti cohomology. Define 

J{Y)^:=o-\a). (0.2) 

By definition, the Deligne cycle class (cf. [5], [211 1,12.3.3]), restricted to codimension 2 cycles of 
class a, takes value in J(Y)a- For any family of 1-cycles Z C B xY of class [Zt] = a, t € B on 
Y parameterized by an algebraic variety B, the Abel-Jacobi map (or rather the Deligne cycle 
class map) of Y induces a morphism complex algebraic varieties: 

(l)z:B^ J{Y)o,. 

Question 0.6. Is the following property (**) satisfied hyY? 

(**) For any degree 4 integral cohomology class a on Y , there is a canonically defined variety 
Ba, together with a family of 1-cycles of class a on Y , parameterized by B^, say Z^ C B^ x Y , 
with [Zafi] = a in H'^(Y,'Ij) for any b ^ B, such that the morphism (j)z^ '■ B^ -^ J{Y)a induced 
by Deligne cycle class is surjective with rationally connected general fiber. 

Let us comment on the importance of Question 10.61 in relation with the Hodge conjecture 
with integral coefficients for degree 4 Hodge classes, (which has been recently related in [5| 
to degree 3 unramified cohomology with finite coefficients): The important point here is that 
we want to consider fourfolds fibered over curves, or families of threefolds parameterized by 
a curve. Property (**) essentially says that property (*), being satisfied in a canonical way, 
holds in family. When we work in families, the necessity to look at all twistors J{Y)a, and not 
only at J(Y) becomes obvious: for fixed Y the twisted Jacobians are all isomorphic (maybe 
not canonically); this is not true in families: non trivial twistors J^a can appear. We will give 
more precise explanations in subsection [T] of this introduction and explain one application of 
this property to the Hodge conjecture for degree 4 integral Hodge classes on fourfolds fibered 
over curves. 

Our results in this paper are of two kinds. First of all, we extend the results of [12] and 
answer affirmatively Question 10.61 for cubic threefolds. As a consequence, we get the following 
result (Theorem 12. lOp : 

Theorem 0.7. Let f : X ^ T be a fibration over a curve with general fiber a smooth cubic three- 
fold. If the fibers of f have at worst ordinary quadratic singularities, then the Hodge conjecture 
holds for degree 4 integral Hodge classes on X. 

By the results of [1], this result can also be translated into a statement concerning degree 3 
unramified cohomology with Q/Z-coefficients of such fourfolds (see section [T|) . 

Our second result relates Question 10.51 to the existence of an homological integral decompo- 
sition of the diagonal as in (jO.ip . 

Theorem 0.8. i) Let Y be a smooth projective 3-fold. If Y admits an integral homological 
decomposition of the diagonal as in ^0.1\) . then H'^{Y,'L) is generated by classes of algebraic 
cycles, H*(Y,Z) has no torsion andY satisfies condition (*). 



ii) Conversely, assume CHq{Y) = Z, //^(y, Z) is generated by classes of algebraic cycles and 
H* (y, Z) is without torsion (these conditions are satisfied by a rationally connected threefold with 
no torsion in H^iY,!^)). 

// furthermore the intermediate Jacobian of Y admits a 1-cycle T of class I '_^y^ , g = 
dimJ(Y), then condition (*) implies that Y admis an integral homological decomposition of 
the diagonal as in h0.1\) . 



Here we recall that the intermediate Jacobian J{Y) is naturally a principally polarized 
abelian variety, the polarization Q being given by the intersection form on H^(Y, Z) = Hi{J{Y),'L 
We will also prove the following relation between Question 10.41 and 10.51 (cf . Theorem 13. ip : 



Theorem 0.9. Assume that Question \0.5\ has a positive answer for Y and that the intermediate 

(s-1) 



Jacobian ofY admits a 1-cycle T of class j-zt)T' 9 ~ dimJ{Y). Then Question \0.4\ also has an 



affirmative answer for Y. 

The paper is organized as follows: in section [21 we give a positive answer to Question 10.51 
for very general cubic threefolds. We deduce from this Theorem 10.71 Section [3] is devoted to 
various relations between Question 10.41 and 10.51 and the relation between these questions and the 
homological decomposition of the diagonal with integral coefficients, in the spirit of Theorem 

EH 

Thanks. I wish to thank Jean-Louis Colliot-Thelene for many discussions leading to the 
present form of the paper and for numerous questions and suggestions. In particular. Theorem 
10. 71 answers one of his questions. I also thank Dimitri Markoushevich and Jason Starr for helpful 
communications . 

1 Preliminaries on integral Hodge classes and unramified co- 
homology 

We give in this section a description of results and notations from the earlier papers [19], [3] 
which will be used later on in the paper. Let X be a smooth projective complex variety. We 
denote Z^*(X) the quotient Hdg'^\X,Z)/H'^^{X,Z)aig of the group of degree 2i integral Hodge 
classes on X by the subgroup consisting of cycle classes. The group Z'^*(X) is a birational 
invariant oi X lor i = 2, d — 1, where d = dimX (cf. [IS]). It is of course trivial in degrees 
2i = 0, 2d, 2, where the Hodge conjecture holds for integral Hodge classes. 

The paper [4] focuses on Z^{X) and relates its torsion to degree 3 unramified cohomology 
of X with finite coefficients. Recall that for any constant coefficients sheaf A on X, unramified 
cohomology Hl^j.{X,A) with coefficients in A was introduced in [3] : denote by Xzar the variety 
X endowed with the Zariski topology, while X will be considered as endowed with the classical 
topology. The identity map 

TT : X —)■ Xzar 

is continuous and allows Bloch and Ogus [1] to introduce sheaves Ti^A) on Xzar defined by 

n^{A) := R^TT^A. 

Definition 1.1. (Ojanguren- Colliot-Thelene) Unramified cohomology Hl^j.{X,A) of X with co- 
efficients in A is the group H^ {Xzar , W {A) ) . 



This is a birational invariant of X, as shown by the Gersten-Quillen resolution for the sheaves 
"H* proved by Bloch-Ogus [1]. We refer to dj for the description of other birational invariants 
constructed from the cohomology of the sheaves Ti}. 

The following result is proved in [3] (assuming the Bloch-Kato conjecture announced by 
Voevodsky, or restricting to n = 2 for an unconditional result): 

Theorem 1.2. There is an exact sequence for any n: 

-^ H^^{X,Z)(g)Z/nZ -^ Hl^.{X,Z/nZ) -^ Z^{X)[n] -^ 0, 

where the notation [n] means that we take the n-torsion. There is an exact sequence: 

^ i/i(X, Z) ® Q/Z ^ Hi.{X, Q/Z) ^ Z\X)tors -^ 0, 

where the subscript "tors" means that we consider the torsion part. Furthermore, the first term 
is if CHq{X) is supported on a surface. 

Concerning the vanishing of the group Z^{X), the following is proved in [19]. It will be used 
in section I 



Theorem 1.3. Let Y be a smooth projective threefold which is either uniruled or Calabi-Yau. 
Then Z'^iY) = 0, that is, any integral degree 4 Hodge class on Y is algebraic. In particular, if 
Y is uniruled with H'^{Y,Oy) = 0, any integral degree 4 cohomology class on Y is algebraic. 

We will now be interested in the group Z^{X), where X is a smooth projective 4-fold, 
/ : X ^- r is a surjective morphism to a smooth curve F, whose general fiber Xt satisfies 
H^{Xt,Oxt) = H'^i^tjOxt) = 0. For Xt, t G F, as above, the intermediate Jacobian J{Xt) is 
an abelian variety, as a consequence of the vanishing H'^{Xt,Oxt) = (cf. \11\ 1,12.2.2]). For 
any class 

a G H\Xt{C),'L) = Hdg\Xt,Z), 

we introduced above a torsor J{Xt)a under j'^{Xt) which is an algebraic variety non canonically 
isomorphic to J[Xt). 

This construction works in family on the Zariski open set Fq C F, over which / is smooth. 
There is thus a family of abelian varieties JT" — )■ Fq, and for any locally constant section a of 
the locally constant system i?^/*Z, we get the twisted family Ja -^ Fq, defined by the obvious 
extension of formula (10. 2p in the relative setting. The construction of these families in the 
analytic setting is easy. The fact that the resulting families are algebraic is much harder. 

Given a smooth algebraic variety B, a morphism g : B ^ T and a family of relative 1-cycles 
Z C B Xr X oi class [Zt] = at G H'^{Xt,7j), the relative Abel-Jacobi map (or rather Deligne 
cycle class) gives a morphism (pz : Bq ^ Ja over Fq, where i?o := 5~^(Fo)- 

The following result, which illustrates the importance of condition (**) as opposed to condi- 
tion (*), appears in [4]. We recall the proof here, as we will need it to prove a slight improvement 
of the criterion, which will be used in section [2Tl Here we assume that X is a smooth projective 
4-fold, and that / : X ^ F is a morphism to a smooth curve. 

Theorem 1.4. Assume / : X — )■ F satisfies the following assumptions: 

1. The smooth fibers Xt of f satisfy the vanishing conditions H^{Xt, Oxt) = H'^i^t, Oxt) = 
0. 

2. The smooth fibers Xt have no torsion in H^{Xt 



3. The singular fibers of f are reduced with at worst ordinary quadratic singularities. 

4. For any section a of R'^f^T^, there exists a variety g^ '■ B^ — >• T and a family of relative 
1- cycles Za C Ba x^ X of class a, such that the morphism (pZc '■ B ^ J^ is surjective 
with rationally connected general fiber. 

Then the Hodge conjecture is true for integral Hodge classes of degree A on X . 

Proof. Following Zucker [22], an integral Hodge class a € Hdg^{X,7j) C H^{X,7j) induces 
a section a of the constant system R^f^JL which admits a canonical lift in the family of twisted 
Jacobians Ja- This lift is an algebraic section a : F ^> J7a of the structural map Ja -^ T- 

Recall that we have by hypothesis the morphism 

(t'Za '■ Ba ^ Ja 

which is algebraic, surjective with rationally connected general fiber. We can now replace a by 
a 1-cycle S = ^^ n^Sj rationally equivalent to it in J^^ in such a way that the fibers of (j)Za ^-I's 
rationally connected over the general points of each component Sj of SuppS. 

According to [6], the morphism (/>^^ admits a lifting over each Sj, which provides curves 
S: C Ba. 

Recall next that B^ parameterizes a family Z^ C B^ x r -'^ of relative 1-cycles of class a in 
the fibers Xt. We can restrict this family to each S^, getting Za^i C Ti[ Xp X. Consider the 
1-cycle 

Z := '^niPi^Za,i C r xr X = X, 

i 

where pi is the restriction to S^ of p : Ba — )> F. Recalling that S is rationally equivalent to o"(F) 
in Ja^ we find that the normal function vz associated to Z, defined by 

uz{t) = AJxAZ\xd 

is equal to a. We then deduce from [7] (see also [HI 11,8.2.2]), using the Leray spectral sequence 
of fu : Xjj -^ U and hypothesis [21 that the cohomology classes [Z] G H'^{X,'L) of Z and a 
coincide on any open set of the form X[/, where ?7 C Fq is an affine open set over which / is 
smooth. 

On the other hand, the kernel of the restriction map H^{X,'L) — )> H^{U,'L) is generated by 
the groups it*Hi{Xt,'L) where i € F \ [/, and it : Xt ^>- X \s the inclusion map. We conclude 
using assumption [3] and the fact that the general fiber of / has H'^{Xt,Oxt) = 0, which imply 
that all fibers Xt (singular or not) have their degree 4 integral homology generated by homology 
classes of algebraic cycles; indeed, it follows from this and the previous conclusion that [Z] — a 
is algebraic, so that a is also algebraic. 



Remark 1.5. It is also possible in this proof, instead of moving the section a to a 1-cycle in 
general position, to use Theorem 11.81 below, which also guarantees that in fact a itself lifts to 

Ba- 

Remark 1.6. By Theorem 11.31 if Xt is uniruled and H'^{Xt,Oxt) = (a strengthening of 
assumption [1]), then any degree 4 integral cohomology class at on Xt is algebraic on Xt. Together 
with Bloch-Srinivas results [2] on the surjectivity of the Abel-Jacobi map for codimension 2-cycles 
under these assumptions, this shows that pairs {Ba, Za) with surjective (pZa ■ Ba — ^ Ja exist. In 
this case, the strong statement in assumption [3] is thus the rational connectedness of the fibers. 



In order to study cubic threefolds fibrations, we will need a technical strenghtening of 
Theorem 11.41 We start with a smooth projective morphism f : X —^ T oi relative dimen- 
sion 3. We assume as before that smooth fibers Xt have no torsion in H'^{Xt,'L) and have 
H^{Xt,Oxt) = H'^{''^t-,Oxt) = 0. As before, for any global section a of R'^f^'L, we have the 
twisted family of intermediate Jacobians Ja -^ T, where T is smooth quasi-projective. 

Theorem 1.7. Assume that: 

(i) The local system R'^f^Tj is trivial. 

(a) For any section a of R'^f^'L, there exists a variety Qa '■ B^ -^ T and a family of relative 
1- cycles Za C Ba Xt X of class a, such that the morphism (pz^ '■ Ba — > J7a is surjective with 
rationally connected general fibers. 

Then for any smooth projective curve T, any morphism (j) : Tq ^^ T, where Tq is a Zariski 
open set ofT, and any smooth projective model ip : X ^ T of X Xt Tq, if furthermore g has 
only nodal fibers, one has Z'^{X) = 0. 

Proof. We mimick the proof of the previous theorem. We thus only have to prove that for 
any Hodge class a on X, inducing by restriction to the fibers of ip a section a of i?^V*^5 the 
section aa of J7r,a -^ Tq induced by a lifts to a family of 1-cycles of class a in the fibers of ip. 
Observe that by triviality of the local system R'^f^'L on T, the section a extends to a section of 
R'^f^'L on T. We then have by assumption the family of 1-cycles Z^ C B^ xx X parameterized 
by Ba, with the property that the general fiber of the induced Abel-Jacobi map 4>Za '■ Ba -^ Ja 
is rationally connected. As 4>* Ja = Jr,a, we can see the pair (</>, Uo) as a general morphism 
from Tq to Ja- The desired family of 1-cycles follows then from the existence of a lift of aa to 
Ba, given by the following Theorem 11.81 due to Hogadi and Xu. 



Theorem 1.8. Let f : Z ^ W be a surjective projective morphism between smooth varieties 
over C Assume the general fiber of f is rationally connected. Then, for any rational map 
g : C --^ W , where C is a smooth curve, there exists a rational lift g : C ^ Z of g in Z. 

When the image curve g{C) is in general position, so that the fiber of / over the general 
point of Img is actually rationally connected, this result is a consequence of [6]. The degenerate 
case is a consequence of the work of Hogadi and Xu [H] combined with [6]. Indeed, they prove 
that the variety CqXw Z contains a subvariety fibered over Cq with rationally connected general 
fibers, where Cq is the definition locus of g. ■ 

2 On the fibres of the Abel-Jacobi map for the cubic threefold 



The papers [15], [12], [TO] are devoted to the study of the morphism induced by the Abel-Jacobi 
map, from the family of curves of small degree in a cubic threefold in P^ to its intermediate 
Jacobian. In degree 4, genus 0, and degree 5, genus or 1, it is proved that these morphisms are 
surjective with rationally connected fibers, but it is known that this is not true in degree 3 (and 
any genus), and, to our knowlege, the case of degree 6 has not been studied. As is clear from 
the proof of Theorem 11.41 we need for the proof of Theorem 12.101 to have such a statement for 
at least one canonically defined family of curves of degree divisible by 3. The following result 
provides such a statement. 

Theorem 2.1. Let Y C F'^ be a general cubic hypersurface. Then the map <^6,i induced by 
the Abel-Jacobi map AJy, from the family Mq^i of elliptic curves of degree 6 contained in Y to 
JiY), is surjective with rationally connected general fiber. 



Remark 2.2. What we call here the family of elliptic curves is a desingularization of the closure, 
in the Hilbert scheme of Y, of the family parameterizing smooth degree 6 elliptic curves which 
are nondegenerate in P^. 

Remark 2.3. As J{Y) is not uniruled, an equivalent formulation of the result is the following 
(cf. Iini): the map (pQ^i is dominating and identifies birationally to the maximal rationally 
connected fibration (see [H]) of Mg,!. 

Proof of Theorem 12.11 Notice that it suffices to prove the statement for very general Y, 
which we will assume occasionally. One easily checks that Mg^i is for general Y irreducible of 
dimension 12. Let -E C y be a general nondegenerate smooth degree 6 elliptic curve. Then there 
exists a smooth K3 surface S CY, which is a member of the linear system 10^(2)1, containing 
E. The line bundle Os{E) is then generated by two sections. Let V := H^{S^Os{E)) and 
consider the rank 2 vector bundle £ on Y defined by £' = J-"*, where J- is the kernel of the 
surjective evaluation map 

V®Oy ^Os{E). (2.3) 

One verifies by dualizing the exact sequence ()2.3p that H^{Y,£) is of dimension 4, and that E 
is recovered as the zero locus of a transverse section of £. Furthermore, the bundle £ is stable 
because E is nondegenerate. One concludes that, denoting Mg the moduli space (of dimension 
9) of stable rank 2 bundles on Y with Chern classses 

ci{£) = Oy{2), degc2i£) = 6, 

one has a dominating rational map 

</> : M6,i -^ Mg 

whose general fiber is isomorphic to F'^ (more precisely, the fiber over [£] is the projective space 
F{H^{Y,£))). It follows that the maximal rationally connected (MRC) fibration of Mg^i (cf. 
|14j ) factorizes through Mg. 

Let us consider the subvariety 1^3,3 C Afg,! parameterizing the singular elliptic curves of 
degree 6 consisting of two rational components of degree 3 meeting in two points. The family 
M3Q parameterizing rational curves of degree 3 is birationally a P^-fibration over the Theta 
divisor G C J{Y) (cf. [9]). More precisely, a general rational curve C C 1" of degree 3 is 
contained in a smooth hyperplane section S C Y, and deforms in a linear system of dimension 
2 in S. The map (p^fi : M3 -^ JiY) induced by the Abel-Jacobi map of Y has its image 
equal to G C J'^{Y) and its fiber passing through [C] is the linear system P^ introduced above. 
This allows to describe .03,3 in the following way: the Abel-Jacobi map of Y, applied to each 
component Ci, C2 of a general curve Ci UC2 parameterized by 1)3,3 takes value in the symmetric 
product 5^G and its fiber passing through [Ci U C2] is described by the choice of two curves in 
the corresponding linear systems Pf and P^. These two curves have to meet in two points of the 
elliptic curve £^3 defined as the complete intersection of the two cubic surfaces Si and 82- This 
fiber is thus birationally equivalent to S^E^. 

Observe that the existence of this subvariety ,03,3 C Afg,! implies the surjectivity of (pQ^i 
because the restriction of (J)q^i to 1)3,3 is the composition of the above-defined surjective map 

X : Ds,3 ^ S^Q 

and of the sum map S^Q -^ JO^)- Obviously the sum map is surjective. 
We will show more precisely: 



Lemma 2.4. The map (j) introduced above is generically defined along D^^^ and (pw^ 3 '■ -C'3,3 --^ 
Mg is dominating. In particular D^^^ dominates the base of the MRC fibration o/Mg^i. 

To construct other rational curves in Mg^i, we now make the following observation: if E is 
a nondegenerate degree 6 elliptic curve in P^, let us choose two distinct line bundles /i, I2 of 
degree 2 on i5^ such that Oe{^) = 2/i + 12 in Pic£^. Then (/i, I2) provides an embedding of E in 
Pi X Pi, and denoting hi := pr*Opi{l) G Pic (P^ x P^), the line bundle l = 2hi + /12 on P^ x P^ 
has the property that 1\e = 2/i + I2 = Oe{X) ^^^ the restriction map 

i7°(pi X P\ I) -^ H\E, Oe{1)) 

is an isomorphism. The original morphism from E to P^ is given by a base-point free hyperplane 
in H^{E,OEi^))- For a generic choice of I2, this hyperplane also provides a base-point free 
hyperplane in H^(F^ x F^,l), hence a morphism (^ : P-*^ x P^ — >• P^, whose image is a surface S 
of degree 4. The residual curve of E in the intersection S n y is a curve in the linear system 
|4/ii + /12I on P-^ X P^. This is thus a curve of degree 6 in P^ and of genus 0. 

Conversely, if we start from a smooth general genus and degree 6 curve C in P^, we 
claim that there exists a P^ parameterizing morphisms : P^ x P^ ^ P^ as above, such that 
C C (/>(P^ X P^) is the image by of a curve in the linear system |4/ii + /i2J on P^ x P^. To 
see this, we note that the morphism from P^ to P^ given up to the action of Aut P^ by C C P^ 
provides a base-point free linear subsystem W C |Opi(6)| of rank 5. Let us choose a hyperplane 
H C |Opi(6)| containing W. W being given, such hyperplanes H are parameterized by a P^. H 
being chosen generically, there exists a unique embeding C — )• P^ x P^ as a curve in the linear 
system |4/ii + /i2|, such that H is recovered as the image of the restriction map 

i/°(pi xF\2hi + h2) -^H^{F\Opi{6)). 

To see this last fact, notice that the embedding of P^ into P^ x P^ as a curve in the linear system 
|4/ii+/i2| is determined up to the action of Aut F^ by the choice of a degree 4 morphism from P^ to 
P^, which is equivalent to the data of a rank 2 base-point free linear system W' C H^{F^, Opi (4)). 
The condition that H is equal to the image of the restriction map above is equivalent to the fact 
that 

H = W' ■ H°{F\Opi (2)) := Im {W' O H°{F\ Opi (2)) -^ H\f\ Opi (6)), 

where the map is given by multiplication of sections. Given H, let us set 

where [H : t] := {w G H^ {F^ , 0]pi (A)) , wt G H}. Generically, one then has dimT4^' = 2 et 
H = W' ■ H^{F^,Of,i (2)), and this concludes the proof of the claim. 

If the curve C is contained in Y , the residual curve of C in the intersection y n S is an 
elliptic curve of degree 6 in Y . These two constructions are inverse of each other, which provides 
a birational map from the space of pairs {(-E,S), E G Mg^i, i? C S} to the space of pairs 
{(C, S), C G Mg^o, C C S}, where S C P"^ is a surface of the type considered above, and the 
inclusions of the curves C, E' is S are in the linear systems described above. 

This construction thus provides rational curves Re C Mg^i parameterized by C G Mg^o and 
sweeping-out Mg^i. To each curve C parameterized by Mg^o, one associates the family Re of 
elliptic curves Et which are residual to C in the intersection Et n y, where t runs over the P^ 
exhibited in the above claim. 

Let ^ : Mg^i --->■ B be the maximal rationally connected fibration of Mg^i. We will use later 
on the curves Re introduced above to prove the following Lemma 12.51 Notice first that the 



divisor D^i C Mg^i parameterizing singular elliptic curves of degree 6 contained in Y, which 
are the union of an elliptic curve of degree 5 in y and of a line A C y meeting in one point. If 
E is such a generically chosen elliptic curve and S G 10^(2)1 is a smooth K3 surface containing 
E, the linear system |C'5'(£')| contains the line A in its base locus, and thus the construction 
of the associated vector bundle £ fails. Consider however a curve E' C S in the linear system 
\Os{2 — E)\. Then E' is again a degree 6 elliptic curve in Y and E' is smooth and nondegenerate 
for a generic choice of y, £', 5" as above. The curves E' so obtained are parameterized by a divisor 
D'^ ^ of Mg^i, which also has the following description : the curves E' parameterized by D'^ ^ can 
also be characterized by the fact that they have a trisecant line contained in Y (precisely the 
line A introduced above). 

Lemma 2.5. The restriction of ^ to D'^ ^ is surjective. 

Remark 2.6. It is not true that the map (j)\D' ■ ^5 i """^ -^9 is dominating. Indeed, curves 
E parameterized by D'^ ^ admit a trisecant line L in Y. Let £ be the associated vector bundle. 
Then because detf = 0-^(2) and £\i has a nonzero section vanishing in three points, fi^, — 
Cl(3) © Ol{—1). Hence the corresponding vector bundles £ are not globally generated and thus 
are not generic. 

Admitting Lemmas 12.41 and 12.51 the proof of Theorem 12.11 is concluded in the following way: 
Lemma 12.41 says that the rational map $11)33 ^^ dominating. The dominating rational maps 
^\D3 3 ^-iid ^\£)i , taking values in a non uniruled variety, factorize through the base of the 
MRC fibrations of D^-^ and D'^ ^ respectively. The maximal rationally connected fibrations of 
the divisors D'^ ^ and D^^i have the same base. Indeed, the construction of the correspondence 
between D^i and D'^ ^ is obtained by liaison, and it follows that a P^-bundle over D^^i (pa- 
rameterizing a reducible elliptic curve E of type (5, 1) and a rank 2 vector space of quadratic 
polynomials vanishing on E) is birationally equivalent to a P^-fibration over D'^ ^ defined in the 
same way. The MRC fibration of the divisor D^^i is well understood by the works [12], |15j . 
Indeed, these papers show that the morphism (/)5 1 induced by the Abel-Jacobi map of Y on 
the family M^^i of degree 5 elliptic curves in Y is surjective with general fiber isomorphic to 
P^: more precisely, an elliptic curve E of degree 5 in y is the zero locus of a transverse section 
of a rank 2 vector bundle £ on Y, and the fiber of (p^^i passing through [E] is for general E 
isomorphic to F{H^{Y,£)) = P^. The vector bundle £, and the line L CY being given, the set 
of elliptic curves of type (5, 1) whose degree 5 component is the zero locus of a section of £ and 
the degree 1 component is the line L identifies to 

|Jp(ifO(y,£:®i.)), 

xeL 

which is rationally connected. Hence -Ds,!, and thus also D'^ ^, is a fibration over J{Y) x F with 
rationally connected general fiber, where F is the Fano surface of lines in Y. As the variety 
J{Y) X F is not uniruled, it must be the base of the maximal rationally connected fibration of 

From the above considerations, we conclude that B is dominated by J{Y) x F and in par- 
ticular dimi? < 7. 

Let us now consider the dominating rational map <I>' := ^id^s '■ -^3,3 ""■* B. Recall that 
Z?3^3 admits a surjective morphism x to 5^0, the general fiber being isomorphic to the second 
symmetric product S'^E^ of an elliptic curve of degree 3. We postpone the proof of the following 
lemma: 
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Lemma 2.7. The rational map $' factorizes through S^Q. 

This lemma implies that B is rationally dominated by S'^Q, hence a fortiori by x G. We 
will denote $" : x --->■ S the rational map obtained by factorizing <!>' through 5^0 and 
then by composing the resulting map with the quotient map 0x0—)- 5^0. We have a map 
(j)B '■ B -^ J{y) obtained as a factorization of the map 4>q^i : Mg^i — )> J{Y), using the fact that 
the fibers of <& : Mg^i --->■ B are rationally connected, hence contracted by (pe,!- Clearly, the 
composition of the map (pB with the map <1>" identifies to the sum map (7:0x0—7' J{Y). Its 
fiber over an element a € J'^{Y) thus identifies in a canonical way to the complete intersection 
of the ample divisors and a — of J{Y). Consider the dominating rational map fiberwise 
induced by $" over J{Y): 

<' : n (a - 0) -^ Ba, 

where Ba := 0^ (a) has dimension at most 2 and is not uniruled. The proof is thus concluded 
with Lemma [2. 81 below, which implies that B is in fact birationally isomorphic to J{Y). Indeed, 
this lemma tells that ^" must be constant for very general Y and general a, hence also for 
general Y and a. ■ 

Lemma 2.8. // Y is very general, and a € J{Y) is general, any dominating rational map ^^ 
from n (a — 0) to a smooth non uniruled variety Ba of dimension < 2 is constant. 



To complete the proof of Theorem 12.1^ it remains to prove Lemmas 12.41 12.51 12.71 and 12. 8i 

Proof of Lemma 12.41 Let E = C^U C^ he a general elliptic curve (3, 3) contained in Y. 
Then E is contained in a smooth K3 surface in the linear system |C'y(2)|. The linear system 
\Os{E)\ has no base point in 5, and thus the construction of the vector bundle £ can be done 
as in the smooth general case, and furthermore it is easily verified that £ is stable on Y. Hence 
(/> is well-defined at the point [E]. One verifies that H^{Y,£) is of dimension 4 as in the general 
smooth case. As dimD^^^ = 10 and dimMg = 9, to show that 4>\d-s3 is dominating, it suffices 
to show that the general fiber of </'m3 3 is of dimension < 1. Assume to the contrary that this 
fiber, which is contained in F(H^{Y,£)) = P^, is of dimension > 2. Recalling that -D3 3 is not 
swept-out by rational surfaces because it is fibered over S^Q into surfaces isomorphic to the 
second symmetric product of an elliptic curve, this fiber should be a surface of degree > 3 in 
F(H^{Y,£)). A general line in F{H^(Y,£)) should then meet this surface in at least 3 points 
counted with multiplicities. For such a line, take the P^ C F{H^(Y,£)) obtained by considering 
the base-point free pencil \Os{E)\. One verifies that this line is not tangent to D^^^ at the 
point [E] and thus should meet 1)3^3 in another point. The surface S should thus have a Picard 
number p{S) > 4, which is easily excluded by a dimension count for a general pair (E, S), where 
E is an elliptic curve of type (3, 3) as above and 5 is the intersection of our general cubic Y and 
a quadric in P^ containing E. ■ 

For the proof of Lemma 12.51 we will use the following elementary Lemma 12.91 : Let Z he a, 
smooth projective variety, and <I> : Z --■> B its maximal rationally connected fibration. Assume 
given a family of rational curves {Ct)t&M sweeping-out Z. 

Lemma 2.9. Let D C Z be a divisor such that, through a general point d ^ D, there passes a 
curve Ct, t € M, meeting D properly at d. Then ^\£, : D --^ B is dominating. 

Proof of Lemma 12.51 The proof is obtained by applying Lemma 12.91 to Z = Mg^i and 
to the previously constructed family of rational curves Re, C G Mq^q. It thus suffices to show 
that for general Y, if [E] € D5 ^ is a general point, there exists a (irreducible) curve Re passing 
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through [E] and not contained in D'r^ j^. Let us recall that Dg ^ is irreducible, and parameterizes 
elliptic curves of degree 6 in y admitting a trisecant line contained in Y. Starting from a curve 
C of genus and degree 6 which is nondegenerate in P^, we constructed a one parameter family 
(Et)jgpi of surfaces of degree 4 containing C and isomorphic to P^ x P^. For general t, the 
trisecant lines of S^ in P^ form at most a 3-dimensional variety and thus, for a general cubic 
y C P^, there exists not trisecant to S^ contained in Y. Let us choose a line A which is trisecant 
to Sq but not trisecant to S^ for t close to 0, t 7^ 0. A general cubic Y containing C and A 
contains then no trisecant to St for t close to 0, t 7^ 0. Let Eq be the residual curve of C in 
Sq n y. Then £"0 has the line A C y as a trisecant, and thus [Eq] is a point of the divisor D'^ ^ 
associated to Y. However the rational curve Re C Me.i(y) parameterizing the residual curves 
Et of C in Sj n y, t € P^, is not contained in D'^ ^ because, by construction, no trisecant of E^ 
is contained in Y, for t close to 0, t 7^ 0. ■ 

Proof of Lemma 12.71 Assume to the contrary that the dominating rational map <!>' : 
Z?3^3 ---> B does not factorize through S^Q. As the map x '■ ^3,3 ~^ 5*^0 has for general fiber 
S'^E^, where E^, is an elliptic curve of degree 3 in P^, and B is not uniruled, #' factorizes through 
the corresponding fibration x' ■ Z --^ 5*^0, with fiber Pi(?E^. Let us denote <I>" : Z --^ B this 
second factorization. Recall that dimi? < 7 and that B maps surjectively onto J(Y) via the 
rational map (f)B : B ---^ JiY) induced by the Abel-Jacobi map (/>6,i : Mg^i — )■ J{Y). Clearly 
the elliptic curves Pic^E^ introduced above are contracted by the composite map (J)b ° ^"- If 
these curves are not contracted by $", the fibers Ba := (f)]^ (0)1 ^ € J'^{Y), are swept-out by 
elliptic curves. As the fibers Ba are either curves of genus > or non uniruled surfaces (because 
dimB < 7 and B is not uniruled), they have the property that there pass at most finitely 
many elliptic curves in a given deformation class through a general point b (z Ba- Under our 
assumption, there should thus exist : 

- A variety J', and a dominating morphism 5 : J' — )■ J{Y) such that the fiber J^, for a 
general point a € J'^(Y), has dimension at most 1 and parameterizes elliptic curves in a given 
deformation class in the fiber Ba- 

- A family B' -^ J' of elliptic curves, and dominating rational maps : 

^ : Z -^ B', s ■- S^Q --4 J', r : Z' --4 B 

such that Z is birationally equivalent to the fibered product S^Q xj/ B', r is generically 
finite, and $" = r o $. 

To get a contradiction out of this, observe that the family of elliptic curves Z -^ S^Q is 
also birationally the inverse image of a family of elliptic curves parameterized by G(2,4), via a 
natural rational map / : 5*^0 --^ G(2,4). Indeed, an element of S^Q parameterizes two linear 
systems |Ci|, resp. IC2I of rational curves of degree 3 on two hyperplane sections Si = Hi n Y, 
resp. 52 = -^2 n y of Y. The map / associates to the unordered pair {jCi|, IC2I} the plane 
P ■-= Hi n H2. This plane P C P^ parameterizes the elliptic curve -E3 := P CiY, and there is a 
canonical isomorphism £'3 = Pic^E^ because deg E3 = 3. 

The contradiction then comes from the following fact: for j S P^, let us consider the divisor 
Dj of Z which is swept-out by elliptic curves of fixed modulus determined by j, in the fibration 
Z --^ S'^Q- This divisor is the inverse image by fox' of an ample divisor on G(2,4) and 
furthermore it is also the inverse image by ^ of the similarly defined divisor of B' - As r is 
generically finite and B is not uniruled, B' is not uniruled. Hence the rational map ^ : Z ---^ B' 
is "almost holomorphic" , that is well-defined along its general fiber. One deduces from this that 
the divisor Dj has trivial restriction to a general fiber of ^I*. This fiber, which is of dimension 
> 2 because diraZ = 9 and diuiB' < 7, must then be sent to a point in G(2,4) hy f o x' 
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and its image in S^Q is thus contained in an union of components of fibers of /. Observing 
furthermore that the general fiber of / is irreducible of dimension 2, it follows that the rational 
dominating map s : S^G ---> J' factorizes through / : S^Q --^ G(2,5). As G(2,5) is rational, 
this contradicts the fact that J' dominates rationally J{Y). 

■ 

Proof of Lemma 12.81 Observe first that, as dim Sing O = 0, the general intersection 
O n (a — 0) is smooth. Assume first that dim Ba = 1. Then either Ba is an elliptic curve 
or H^{Ba-,^Ba) has dimension > 2. Notice that, by Lefschetz hyperplane restriction theorem, 
the Albanese variety of the complete intersection G fl (a — 0) identifies to J{Y)- Ba cannot 
be elliptic, otherwise JiY) would not be simple. But it is easy to prove by an infinitesimal 
variation of Hodge structure argument (cf. [21^ II, 6.2.1]) that J{Y) is simple for very general 
Y. If d\ui.H^{Ba-,^Ba) — 2, this provides two independent holomorphic 1-forms on G n (a — 
G) whose exterior product vanishes. These 1-forms come, by Lefschetz hyperplane restriction 
theorem, from independent holomorphic 1-forms on J{Y), whose exterior product is a nonzero 
holomorphic 2-form on J{Y). The restriction of this 2-form to G fl (a — G) vanishes, which 
contradicts Lefschetz hyperplane restriction theorem because dimG n (a — G) = 3. This case is 
thus excluded. 

Assume now dim Ba = 2. Then the surface Ba has nonnegative Kodaira dimension, because 
it is not uniruled. Let L be the line bundle $^ (Kb^ ) on G n (a — G) . The litaka dimension k.{L) 
of L is nonnegative and there is a nonzero section of the bundle Qq^,_qJ—L). Notice that by 
Grothendieck-Lefschetz theorem, L is the restriction of a line bundle on J{Y), hence must be nu- 
merically effective, because one can show, again by an infinitesimal variation of Hodge structure 
argument, that NS(J(y)) = Z, for very general Y. An easy argument using the conormal exact 
sequence of Q n (a — G) in J'^{Y), vanishing theorems, and the fact that dimG fl (a — G) > 3, 
allows to show that any such section is the restriction of a section of {Q'^,Y\)\en{a-e)i~L)- As 
k{L) > 0, such a nonzero section can exist only if L is trivial. Notice that, up to replacing 
(G n (a — G), ^a, Ba) by its Stein factorization (or rather, the Stein factorization of a desingu- 
larized model of ^a), one may assume that $" has connected fibers. In this case, the triviality 
of L implies the existence of a nonzero section of Kb^ and the fact that h^{Ba,KB^) = 1. This 
is clear if <&^ is a morphism. Otherwise, choose a desingularization: 

¥^ : G n{^ G) ^ Ba 

^ 

of the rational map ^a- Then we know that $^ Kb^ has nonnegative litaka dimension and that 
it is trivial away from the exceptional divisor of the desingularization map 

GnTo^G) ^Gn(a-G). 

— * 
This is possible only if $" Kb^ is effective supported on this exceptional divisor. But then it 

has only one section, which provides a unique section of Kb^^ because we assumed that fibers 

of ^a are connected. 

Having this, we conclude that the Hodge structure on H'^{Q D {a - G),Z) ^ H"^ {,P {Y) .Z) 

has a Hodge substructure with h?'^ = 1. But this can be also excluded for very general Y by an 

infinitesimal variation of Hodge structure argument. 

■ 

This concludes the proof of Theorem 12. 1[ 
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2.1 Application: Integral Hodge classes on cubic threefolds fibrations over 
curves 

The main concrete application of Theorem 12.11 concerns fibrations f : X —^ T over a curve T 
with general fiber a cubic threefold in P^ (or the smooth projective models of smooth cubic 
hypersurfaces X C ^ £(]-))■ 

Theorem 2.10. Let f : X ^ T be a cubic threefold fibration over a smooth curve. If the fibers 
of f have at worst ordinary quadratic singularities, Z^{X) = and H^j.{X ,1^ / nTj) = for any 
n. 

Note that the second statement is a consequence of the first by Theorem 11.21 and the fact 
that for X as above, CHq{X) is supported on a curve. 

Theorem 12.101 applies in particular to cubic fourfolds. Indeed, a smooth cubic hypersurface 
X in P^ admits a Lefschetz pencil of hyperplane sections. It thus becomes, after blowing-up the 
base-locus of this pencil, birationally equivalent to a model of a cubic in P^/jn which satisfies all 
our hypotheses. Theorem 12.101 thus provides Z'^(X) = for cubic fourfolds, a result first proved 
in EOl. 



Proof of Theorem 12.101 We first prove the theorem for a fibration X — ?> F whose general 
fiber satisfies the conclusion of Theorem 12.11 

Cubic hypersurfaces in P^ do not have torsion in their degree 3 cohomology by Lefschetz hy- 
perplane restriction theorem. They furthermore satisfy the vanishing conditions H^{Xt, Oxt) = 
0, i > 0. 

It thus suffices to prove that condition [4] of Theorem 11.41 is satisfied. 

The fibers of / being smooth hypersurfaces in P^, i?^/*Z is, over the regularity open set Tq, 
the trivial local system isomorphic to Z. A section a of R'^f^'L over Fq is thus characterized by 
a number, its degree on the fibers Xt with respect to the polarization ci{OxtiX))- When the 
degree of a is 5, one gets the desired family B^ and cycle -E5 using the results of |12j . in the 
following way: Iliev and Markoushevich prove that if y is a smooth cubic threefold, denoting 
Ms^i a desingularization of the Hilbert scheme of degree 5, genus 1 curves in y, the map 
05,1 : -^5,1 -^ Jiy) induced by the Abel-Jacobi map of Y is surjective with rationally connected 
fibers. Taking for B^ a desingularization M^^i of the relative Hilbert scheme of curves of degree 

5 and genus 1 in the fibers of /, and for cycle Z^ the universal subscheme, the hypothesis [4] of 
Theorem 11.41 is thus satisfied for the degree 5 section of i?'^/*Z. 

For the degree 6 section a of R^f^JL, property |4] is similarly a consequence of Theorem 12.11 
Indeed, it says that the general fiber of the morphism (pQ^i : Mg^i — )■ J{Y)q induced by the 
Abel-Jacobi map of Y on the family Mg^i of degree 6 elliptic curves in Y is rationally connected 
for general y, which by assumption remains true for the general fiber of /. We thus take as 
before for family Bq a desingularization TWe.i of the relative Hilbert scheme of curves of degree 

6 and genus 1 in the fibers of /, and for cycle Zq the universal subscheme. 

To conclude, let us show that property H] for the sections as of degree 5 and ag of degree 6 
imply property H] for any section a. To see this, let us introduce the cycle /i^ of codimension 
2 over X, where h € PicX induces by restriction to a general fibre Xt the positive generator 
of PicXf. The cycle h^ is thus of degree 3 on the fibers of /. The degree of a section a is 
congruent to 5, —5 or 6 modulo 3, and we can thus write a = itas -|- ^a^i, or a = ae + l^oci for 
an adequate number jjl. In the first case, consider the variety Ba = B^ and the cycle 

Zo, = ±^5 + /^(-B5 xp /i^) c ^5 xr X. 
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In the second case, consider the variety B^ = Bq and the cycle 

Za = Z6 + fJ,{BQ X Fh^) c Be xr X. 

It is clear that the pair {Ba,Za) satisfies the condition H] of Theorem 11.41 

The general case, where the general fiber of / : X ^ F is not assumed to satisfy the 
conclusion of Theorem 12.11 is treated in the same way, replacing the reference to Theorem 11.41 
by a reference to its variant (Theorem II. 7p and applying the arguments above, reducing the 
verification of the assumption (ii) in Theorem 11.71 to the case of the sections a of degree 5 or 6. 



3 Structure of the Abel-Jacobi map and decomposition of the 
diagonal 

3.1 Relation between Questions 10.41 and 10.51 

We establish in this subsection the following relation between Questions 10.41 and 10.51 
Theorem 3.1. Assume that Question \0.5\ has a positive answer for Y and that the intermediate 

rejig — 1 

Jacobian ofY admits a 1-cycle T of class j^zW' 3 ~ dimJ{Y). Then Question \0.4\ also has an 
affirmative answer for Y . 

Proof. There exists by assumption a variety B, and a codimension 2 cycle Z C B x Y 
cohomologous to on fibers b xY, such that the morphism 

cl>z:B^ J{Y) 

induced by the Abel-Jacobi map of Y is surjective with rationally connected general fibers. 
Consider the 1-cycle T of JiY). We may assume by moving lemma, up to changing the repre- 
sentative of r modulo homological equivalence, that V = ^^ UiVi where, for each component Tj 
of the support of F, the general fiber of 4)z over Fj is rationally connected. According to [6], 
the inclusion ji : Fj ^t- JiX) has then a lift Uj : Fj — > B. Denote Zi dVi xY the codimension 
2-cycle {ai^IdyYZ. Then the morphism (;/)j : Fj — )> JiX) induced by the Abel-Jacobi map is 
equal to ji. 

Observe now the following: there is the Pontryagin product * on cycles of J(Y). Another 
way of rephrasing the condition that the class of F is equal to t-^jtt, g = dim JiY), for some 
principal polarization is to say that 

(F)*3 = J{Y) 

as dimension g cycles of JiY). 

For each 5f-uple of components (F,^, . . . ,Fjg) of SuppF, consider Fj^ x . . . x Fj^, and the 
codimension 2-cycle 

Zi^,...,i, ■■= {priJdYfZ,^ + ... + {prg,IdY)*Zi^ cTi x . . . x Tg x Y. 

The codimension 2-cycle 

Z:= ^ ni,...ni^Zi,,,„^i^C{uri)3 xY 
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is invariant under the symmetric group &g acting on the factor (UFj)^ in the product (UFj)^ x Y. 
The part of Z dominating over a component of (UFj)^, (which is the only one we are interested 
in) is then the puh-back of a codimension 2-cycle Zgym on (urj)^^') x Y. Consider now the sum 
map 

a : (ur,)(5) ^ J[Y). 

Let Zj := ((T, Id)ifZsym C JiY) x Y . The proof concludes with the following: 

Lemma 3.2. The Abel-Jacobi map : 

cPz, : JiY) ^ J{Y) 

is equal to Idjty)- 

Proof. Instead of the symmetric product (urj)^^) and the descended cycle Zsym, consider 
the product (UTj)^, the cycle Z and the sum map 

a' : {UTiY ^ JiY). 

Then we have ia',Id):^Z = g\ia,Id)^Zsym in CH'^iJiY) x Y), so that writing Z'j := ia',Id)^,Z, 
it suffices to prove that: 

g\Idj^Y) = <Pzy-J{Y)^JiY). (3.4) 

This is done as follows: let j € JiY) be a general point, and let {xi, . . . , x^v} be the fiber of 
a' over j. Thus each xi parameterizes a 5-uple ii\, . . . ,i' ) of components of SuppT, and points 
7'^ , . . . , ^l of Fjj , . . . , Tjg respectively, such that: 

E ^l = J- (3.5) 

On the other hand, recall that 

i^=AJYiZ.,_ ). (3.6) 

It follows from (13.51) and (13.611 that for each L we have: 



AJyi j; 4,7^ =^Jy(^,.^,...,.,(,.^,...,,M) = J- (3.7) 

Recall now that T = "^^riiTi and recall that (r)*^' = JiY), which can be translated by saying 
that 

ali Y, n,,...ni^ri, x . . . x T.J = 5! J(y). 

ii,...,ig 

This exactly says that 

KKN i' ii 

which together with (j3.7p proves (|3.4p . ■ 

The proof of Theorem 13. II is now complete. ■ 

Remark 3.3. The question whether the intermediate Jacobian of Y admits a 1-cycle F of class 
\~ _i\\ , g = dim JiY) is unknown even for the cubic threefold. However it has a positive answer 
for g < 3 because any principally polarized abelian variety of dimension < 3 is the Jacobian of 
a curve. 
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3.2 Decomposition of the diagonal modulo homological equivalence 

This section is devoted to the study of assumption U] in Theorem 11.41 (see also Question lU.Sp . 
We study here this condition when the family / : X — t- T is a product Y x T, where y is a 
smooth projective threefold staisfying Z^(Y) = (for example, by theorem ll.3[ if K is a uniruled 
threefold). First of all, we observe that assumption U] in theorem ll.4l is equivalent to the following 
condition on the 3-fold Y with H'^{Y, Oy) = and Z^{Y) = 0. 

(*) There exists a smooth variety B and a family of 1-cycles Z C B x Y homologous to 
in Y , such that the Abel-Jacobi map AJy induces a surjective morphism (/)z ■ B -^ J'^{Y) with 
rationally connected general fiber. 

Indeed, as Y satisfies H^{Y,Oy) = and Z'^iY) = 0, any class a € H'^iY^'L) is algebraic, 
that is, there exists z^ G CH'^{Y), such that [z] = a. KB and Z exist as above, the family 
B xT and the cycle ZxT + Bxza^^cBxYxT induce a surjective map with rationally 
connected general fiber 

(Pa-.BxT^ J{Y)c, xT = Ja 

and thus property [His satisfied by y x T. 

Assume furthermore Y satisfies CHq(Y) = 7L. Bloch-Srinivas decomposition of the diagonal 
p] says that there exists a nonzero integer N such that, denoting Ay dY xY the diagonal : 

A^Ay = yx y + Z in Cif^(y xy), (3.8) 

where y is any point of Y and the support of Z is contained in D x y, D ^ y. 

We wish to study the invariant of Y defined as the gcd of the integers N appearing above. 
This is a birational invariant of Y . One can also consider the decomposition (j3.8p modulo 
homological equivalence, and our results relate the triviality of this invariant, that is the existence 
of an integral homological decomposition of the diagonal as in (|3.8p . to condition (*) (among 
other things). We first recall that the intermediate Jacobian 

JiJ) = R^iJ, C)/{F'^H^{Y, C) e H^{Y, Z)/torsion 

of a smooth projective threefold Y with H^{Y, Oy) = is an abelian variety, which is principally 
polarized by the unimodular intersection form on the lattice ff^(y,Z) /torsion. We denote by G 
a divisor in the numerical divisor class defined by this principal polarization. 

Theorem 3.4. Let Y be a smooth projective 3-fold. Assume Y admits an integral homological 
decomposition of the diagonal as in ^3.8\) : then we have: 

(i) H*(Y,Z) is without torsion. 

(ii) Z^{Y) = 0. 

(Hi) H\Y, Oy) = 0, Vi > and Y satisfies condition (*). 

Proof. There exists by assumption D '^ Y ^ which one may assume of pure dimension 2, 
and Z € CH^iY x Y) such that the support of Z is contained in D x y, and 

[Ay] = [Y xy] + [Z] in H^{Y xY,Z). (3.9) 

Codimension 3 cycles z of y x y act on H*(Y,Z) and on the intermediate Jacobian of Y, 
and this action, which we will denote 

z* : H*{Y,Z) -^ H*{Y,Z), z* : J{Y) -^ J{Y) 
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depends only on the cohomology class of z. As the diagonal of Y acts by the identity map on 
H*{Y, Z) for * > and on J{Y), and the cycle Y x y acts trivially on both of these groups, one 
concludes that 

IdH*(Y,z) = Z* : H*{Y,Z) -^ H*{Y,Z), for * > 0, (3.10) 

Idj^Y) = Z* : J(y) ^ J(y). (3.11) 

Let r : D — 7- y be a desingularization of D and i^ = in ° t : D —^ Y. The part of the cycle Z 

which dominates D can be lifted to a cycle Z in D x Y, and the remaining part acts trivially 
on H*{Y,Z) for * < 3 for codimension reasons. Thus the map Z* acting on H*{Y,'L) for * < 3 
can be written as 

Z* = i^^oZ*. (3.12) 

We note that the action of Z* on cohomology sends H*{Y,Z), * < 3, to H*^^{D,Z), * < 3. 
The last groups have no torsion. It follows that Z* annihilates the torsion of H*(Y,Z), * < 3. 
Formula (j3.10p implies then that H*(Y,Z) has no torsion for * < 3. 

To deal with the torsion of H*{Y,Z) with * > 4, we rather use the action z^ of z on 
H*(Y,Z), * = 4, 5. This action again factors through Z*, (indeed, the part of Z which does not 
dominate D acts trivially on these groups for dimension reasons,) hence through the restriction 
map: 

H*{Y,Z) -^ H*{D,Z). 

As dimD < 2, H*{D, Z) has no torsion for * = 4, 5. It follows that we also have H*{Y, 'L)tors = 
for * = 4, 5. This proves (i). 

To prove (ii), let us consider again the action Z* = Id on the cohomology H^{Y^ Z). Observe 
again that the part Z' of Z not dominating Z has a trivial action on H^{Y,Z), while the 
dominating part lifts as above to a cycle Z m. D xY . Then we find that Idmryn factors as 
Z^, oi~, hence through the restriction map i*~ : H^{Y,Z) — )• H^{D,Z). As diuiD = 2, the group 
on the right is generated by classes of algebraic cycles, and thus H'^{Y, Z) is generated by classes 
of algebraic cycles on Y. In particular Z'^lY) = 0. 

(iii) The vanishing H^(Y, Oy) = 0, Vi > is a well-known consequence of the decomposition 
of the diagonal (|3.8p (cf. [2], [211 11,10.2.2]). This is important to guarantee that JiY) is an 
abelian variety. 

It is well-known, and this is a consequence of Lefschetz theorem on (1, l)-classes, that there 
exists a universal divisor T> C Pic (Z?) x D, such that the induced morphism : (f)x> '• Pic (D) — > 
Pic (D) is the identity. On the other hand, we have the morphism 

Z* : J{Y) ^ J\D) = Pic'^iD), 

which is a morphism of abelian varieties. 
Let us consider the cycle 

Z := {Idj^Y),iD)* ° iZ*,Id^y{V) e CH\J{Y) x Y). 
Then cpz ■ J{Y) -^ JiY) is equal to 

i^^ o </,p o Z* : JiY) ^ J\D) ^ J\D) ^ JiY). 

As ipx) is the identity map acting on Pic (L)) and i^^ o Z* is the identity map acting on JiY) 
according to (|3.1ip and ()3.12p . one concludes that (f)z = Id : JiY) — )■ JiY), which of course 
implies (*). ■ 
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Remark 3.5. The proof even shows that under our assumptions, Question [031 has an affirmative 
answer for Y. 

Recall from section [1] that for any smooth projective complex variety Y, Z^{Y) is a quotient 
of H^j.{Y, Q/Ij), if Z'^iY) is of torsion (which is always the case in dimension 3). We can now 
get a result better than (ii) if instead of considering the decomposition of the diagonal modulo 
homological equivalence, we consider it modulo algebraic equivalence. For example, we have the 
following statement, which improves (iii) above: 

Proposition 3.6. Let Y he a smooth projective 3-fold. Assume Y admits an integral decom- 
position of the diagonal as in li!^.8]) . modulo algebraic equivalence. Then H^j.{Y,A) = for any 
abelian group A. 

Proof. We use the fact that correspondences modulo algebraic equivalence act on cohomol- 
ogy groups H'P{Xzar,'H'^)- We refer to the appendix of [1] for this fact which is precisely stated 
as follows: 

Proposition 3.7. // X , Y are smooth projective and Z C X x Y is a cycle defined up to 
algebraic equivalence, satisfying dimY — dimZ = r, then there is an induced morphism 

Z, : H1^{Xzar,'H'^{A)) ^ HP+^{Yzar,n'l+'iA)). 

These actions are compatible with the composition of correspondences. 

Assume now that Y admits a decomposition of the diagonal of the form 

Ay = Zi + Z2 in CH{Y x y)/alg, 

where Zi C D x Y for some D '^Y and Z2 C Y x yQ. The diagonal acts on H^j.{Y,A) as the 
identity. Thus we get 

IdHUYA) = Zu + ^2* : HliY, A) ^ HI{Y, A). 

We observe now (by introducing again a desingularization D of D) that Zi* = on H^^.{Y, A), 
because Zi^ factors through the restriction map 

Hl{Y,A)^HliD,A) 

and the group on the right is 0, because diniD < 2. Furthermore Z2* also vanishes on 
H^^{Y,A) = H^{Yzar,'H^{A)) because ImZ2* factors through jy^^ which shifts HP{W), p > 
0,q>0, to HP+^{W+^). 

Thus IdHi^(j,A) = and Hl,{Y, A) = 0. ■ 

A partial converse to Theorem 13.41 is as follows. 

Theorem 3.8. Assume that Y satisfies 

i) CHq{Y) = -L. 

ii) Z^{Y) = 0. 

iii) H*{Y,Z) has no torsion and the intermediate Jacobian ofY admits a 1-cycle T of class 
§ri)!; g = dimJ{Y). 

Then condition (*) implies the existence of an integral homological decomposition of the 
diagonal as in i3.8\} . 
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Remark 3.9. The condition Z'^(Y) = is satisfied if Y is uniruled. Condition ii) is satisfied if 
Y is rationally connected. For a rationally connected threefold Y, H*{Y,Z) is without torsion 
if H'^{Y,'L) is without torsion. 



Remark 3.10. That the integral decomposition of the diagonal as in (j3.8p and in the Chow 
group CH(Y X Y) implies that H'^{Y,'L) has no torsion was observed by Colliot-Thelene. 

Proof of Theorem 13. 8L When the integral cohomology of Y has no torsion, the class of 
the diagonal [Ay] € H^iY x y, Z) has an integral Kiinneth decomposition. 

[Ay] = (56,0 + (^5,1 + (^4,2 + h,?, + (^2,4 + h,^ + ^Qfi, 

where 5jj- S H^{Y, Z) ® H^{Y, Z). The class (5o,6 is the class of y x y for any point y of Y. As 
we assumed CHq{Y) = 0, we have 

H^{Y,Oy) = 0, H'^{Y,Oy) = 0. (3.13) 

The first condition implies that the groups H^{Y, Q) and H^{Y, Q) are trivial, hence the groups 
H^{Y, Z) and H^{Y, Z) must be trivial since they have no torsion by assumption. It follows that 

(55,1 = (51,5 = 0. 

Next, the second vanishing condition in (j3.13p implies that the Hodge structure on H^{Y, Q), 
hence also on H^{Y,Q) by duality, is trivial. Hence i7^(y, Z) and H'^{Y^'L) are generated by 
Hodge classes, and because we assumed Z'^iY) = 0, it follows that H'^iY^'L) and H'^^Y^'L) are 
generated by cycle classes. From this one concludes that 84,^2 et ^2,4 are represented by algebraic 
cycles whose support does not dominate Y by the first projection. The same is true for 5^^ 
which is the class of y x y. The existence of a decomposition as in (j3.9p is thus equivalent to 
the fact that there exists a cycle Z C y x y, such that the support of Z is contained in D x y, 
with D ^Y, and Z* : H^{Y,Z) — )■ H^(Y,Z) is the identity map. This last condition is indeed 
equivalent to the fact that the component of type (3, 3) of [Z] is equal to 63^3. 

Let now F = ^^ njFj be a 1-cycle of J{Y) of class ( _i)i ? where Fj C J{Y) are smooth curves 
in general position. If (*) is satisfied, there exist a variety B and a family Z C B xY of 1-cycles 
homologous to in Y, such that (pz : B — )• J{Y) is surjective with rationally connected general 
fiber. By [6], (j)z admits a section at over each Fj, and (ctj, Id)* Z provides a family Zi cTi xY 
of 1-cycles homologous to in Y, parameterized by Fj, such that cpz^ : Fj — ;■ J{Y) identifies to 
the inclusion of Fj in J(Y). 

Let us consider the cycle Z G CH^{Y x Y) defined by 



Z = '^HiZi o*Zj. 



The proof that the cycle Z satisfies the desired property is then given in the following Lemma 

Em 



Lemma 3.11. The map Z* : H^{Y,Z) -^ H^{Y,2,) is the identity map. 

Proof. We have 

Z*=^nj*Zj*oZ*. 
i 

Let us study the composite map 

*Z* oZ* : H^{Y,Z) -^ H^{Ti,Z) -^ H^{Y,Z). 
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Recalling that Zi G CH'^{Yi x Y) is the restriction to cr(ri) of Z G CH'^iJ^i x Y), one finds that 
this composite map can also be written as: 

*Z; o Z* = *Z* o U[a(T,)] o Z*. 

One uses for this the fact that, denoting jj : cr{Ti) — )• B the inclusion, the composition 

ji.oj* : H^{B,Z) -^ H^'^-^iB^I), n = dimB 

is equal to U[(T(rj)]. 
We thus obtain: 

Z* ='Z* oU{Y,ni[a{Vi)]) o Z\ 

i 

But we know that the map (j)z '■ B — > J{Y) has rationally connected fibers, and thus induces 
isomorphisms: 

(p*z : H^{J{Y),Z) ^ H^iB,Z), (j)z* : H^''-^{B,Z) ^ H'^a-^{J{Y),Z). (3.14) 

Via these isomorphisms, Z* becomes the canonical isomorphism 

H^{Y,Z) ^i7^(J(y),Z) 

(which uses the fact that H^iY^T?) is torsion free) and ''Z* becomes the dual canonical isomor- 
phism 

H^9~i(^j(Y),Z) ^ H^{Y,Z). 

Finally, the map U(X]. rii[cr(ri)]) : H^{B,Z) -^ H^''~^{B,'L) identifies via (13311) to the map 
U(E^"^[(^^)]) : H^JiY),!.) -^ H^9-i(^j(Y),Z). Recalling that E^r^i[i^i)] = fS)T' ^^ identi- 
fied Z* : H^{Y,Z) -^ H^{Y,Z) to the composite map 



H^{Y,Z)^H\J{Y),Z) V' H'^'^~\J{Y),Z) ^ H'\Y,Z), 

where the last isomorphism is Poincare dual of the first, and using the definition of the polar- 
ization on J{Y) (as being given by Poincare duality on Y: H^(Y,Z) = H^(Y,Z)*) we find 
that this composite map is the identity. ■ 



References 

[1] S. Bloch and A. Ogus, Gersten's conjecture and the homology of schemes, Ann. Sci. Ec. 
Norm. Super., IV. Ser. 7, 181-201 (1974). 

[2] S. Bloch and V. Srinivas, Remarks on correspondences and algebraic cycles, Amer. J. of 
Math. 105 (1983) 1235-1253. 

[3] J.-L. Colliot-Thelene and M. Ojanguren, Varietes unirationnelles non rationnelles: au-dela 
de I'exemple d'Artin et Mumford, Invent, math. 97 (1989), no. 1, 141-158. 

[4] J.-L. Colliot-Thelene and C. Voisin, Cohomologie non ramifiee et conjecture de Hodge 
entiere, preprint 2010. 



21 



[6] 
[7] 



[9; 

[lo: 

[11 

[12 

[13; 

[14 
[15 

[16; 

[17; 
[is; 

[19 

[2o; 

[21 



H. Esnault and E. Viehweg, Deligne-Beilinson cohomology, in Beilinson's Conjectures on 
Special Values of L-Functions, Editors M. Rapaport, P. Schneider and N. Schappacher, 
Perspect. Math., Vol. 4, Academic Press, Boston, MA, 1988, 43-91. 

T. Graber, J. Harris and J. Starr, Families of rationally connected varieties. J. Amer. Math. 
Soc, 16(1), 57-67 (2003). 

P. Griffiths, On the periods of certain rational integrals, I, II, Ann. of Math. 90 (1969), 
460-541. 

A. Grothendieck, Hodge's general conjecture is false for trivial reasons. Topology 8 (1969) 
299-303. 

J. Harris, M. Roth and J. Starr, Curves of small degree on cubic threefolds. Rocky Mountain 
J. Math. 35 (2005), no. 3, 761-817. 

J. Harris, M. Roth and J. Starr, Abel-Jacobi maps associated to smooth cubic threefolds. 



arXiv:math/0202080 



A. Hogadi and C. Xu. Degenerations of rationally connected varieties. Trans. Amer. Math. 
Soc. 361, 7, 3931-3949 (2009). 

A. Iliev and D. Markushevich, The Abel-Jacobi map for a cubic threefold and periods of 
Fano threefolds of degree 14, Documenta Mathematica, 5, 23-47, (2000). 

J. Kollar, Lemma p. 134 in Classification of irregular varieties, edited by E. Ballico, F. 
Catanese, C. Ciliberto, Lecture Notes in Math. 1515, Springer (1990). 

J. Kollar, Y. Miyaoka and S. Mori, Rationally connected varieties. Journal of Algebraic 
Geometry 1, 429-448, (1992). 

D. Markushevich and A. Tikhomirov, The Abel-Jacobi map of a moduli component of 
vector bundles on the cubic threefold, J. Algebraic Geometry 10 (2001), 37-62. 

D. Mumford. Rational equivalence of zero-cycles on surfaces, J. Math. Kyoto Univ. 9 (1968), 
195-204. 

J. P. Murre, Applications of algebraic ii'-theory to the theory of algebraic cycles, in Proc. 
Conf Algebraic Geometry, Sitjes 1983, LNM 1124 (1985), 216-261, Springer- Verlag. 

C. Soule and C. Voisin, Torsion cohomology classes and algebraic cycles on complex pro- 
jective manifolds. Adv. Math. 198 (2005), no. 1, 107-127. 

C. Voisin, On integral Hodge classes on uniruled and Calabi-Yau threefolds, in Moduli 
Spaces and Arithmetic Geometry, Advanced Studies in Pure Mathematics 45, 2006, pp. 
43-73. 

C. Voisin, Some aspects of the Hodge conjecture, Japan. J. Math. 2, 261-296 (2007). 

C. Voisin. Hodge theory and Complex Algebraic Geometry I and II, Cambridge Studies in 
advanced Mathematics 76 and 77, Cambridge University Press 2002, 2003. 



[22] S. Zucker, The Hodge conjecture for cubic fourfolds, Compositio Math. 34, 199-209 (1977). 



22 



